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Abstract

We deal with the finite family F of continuous maps on the Hausdorff space X . A nonempty
compact subset A of such space is called a strict attractor if it has an open neighborhood U such
that A = limn→∞ Fn(S) for every nonempty compact S ⊂ U . Every strict attractor is a pointwise
attractor, which means that the set {x ∈ X; limn→∞ Fn(x) = A} contains A in its interior.

We present a class of examples of pointwise attractors – from the finite set to the Sierpiński carpet
– which are not strict when we add to the system one nonexpansive map.
© 2023 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider the following general version of an iterated function system.

efinition 1.1. A pair (X,F) is called an iterated function system (short IFS) if X is
Hausdorff space and F is a finite family of continuous maps X → X . By K(X ) we denote

he hyperspace of every nonempty compact subsets of X with the Vietoris topology. Define
lso a Barnsley-Hutchinson operator F :K(X ) → K(X ) associated with the IFS (X,F) such
hat for every S ∈ K(X )

F(S) =

⋃
f ∈F

f (S).

e also use this formula for arbitrary S ⊂ X and, for singletons we will write Fn(x) instead
f Fn({x}).
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Following by the paper [1] we define several two version of attractors for a given IFS (X,F).

efinition 1.2. A strict attractor of IFS (X,F) is a set A ∈ K(X ) which has an open
eighborhood U , such that A = limn→∞ Fn(S) for every S ∈ K(U ). The maximal open set U
ith the above property is called the basin of the attractor A.

In the classical theory of IFS, where F is a family of contractions on the complete metric
pace X , due to the Hutchinson theorem, the whole space X is the basin of the unique attractor
f the given IFS. For example the singleton {0} is a strict attractor of IFS (R, { x

2 }), the unit
nterval [0, 1] is a strict attractor of (R, { x

2 ,
x+1

2 }) and the unit square [0, 1]2 is a strict attractor
of (C, { x

2 ,
x+1

2 , x+i
2 ,

x+1+i
2 }).

Definition 1.3. A pointwise attractor of IFS (X,F) is a set A ∈ K(X ) satisfying
A ⊂ intBp(A,F), where

Bp(A,F) = {x ∈ X; lim
n→∞

Fn(x) = A}

s called a pointwise basin of the attractor A.

Both attractors defined above are fixed points of operator F and their basins are open
see [2]). Moreover, the space homeomorphic to such set remains an attractor of the corre-
ponding IFS. It is easy to note that every strict attractor is pointwise one. Barnsley, Leśniak
nd Rypka shown in [1] that the converse implication is true if F contains only nonexpansive
aps on the metric space, but it is not true in general. The first counterexample, given by D.
wietniak, is the following.

xample 1.4. Let S1
= {z ∈ C; |z| = 1} be the unit circle which may be projected to the set

ˆ = R∪{∞}. Consider R̂ with an Euclidean metric on the circle and define a continuous map
: R̂ → R̂ such that ϕ(x) = x + 1 for x ̸= ∞ and ϕ(∞) = ∞. Note that the singleton {∞} is
pointwise attractor of (R̂, {ϕ}) and Bp({∞}, {ϕ}) = R̂. However, it is not a strict attractor of

such IFS, cause {∞} ̸= limn→∞ ϕ
n(K ) for every compact set K = {∞} ∪ (−∞, x].

In this paper we describe a wider class of counterexamples like that. In most of them only
ne map in the IFS is not nonexpansive.

. Preliminaries and notation

Consider the space K(X ) for a given Hausdorff space X . We endow it with the Vietoris
opology τV generated by the basis of sets

⟨U1, . . . ,Un⟩ := {A ∈ K(X ); A ⊂

n⋃
i=1

Ui and A ∩ Ui ̸= ∅ for every i = 1, . . . , n}

here U1, . . . ,Un are open subsets of X . In this topology K(X ) is a Hausdorff space (see [5]).
If X is compact, then the convergence in the Vietoris topology in K(X ) is equivalent with

he Kuratowski convergence (so-called L-convergence), cf. [4]. We say that a set A ⊂ X
s a Kuratowski limit (or topological limit) of the sequence (An)n∈N of subsets of X if
A = Li An = Ls An where:

• Li An = {x ∈ X; for every open neighborhood U of x, An ∩ U ̸= ∅ for almost every

n ∈ N}
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• Ls An = {x ∈ X; for every open neighborhood U of x, An ∩ U ̸= ∅ for infinitely many
n ∈ N}.

e denote this by A = Lt An .
Note that x ∈ Ls An iff there exists (an)n∈N such that an ∈ An and its subsequence (ank )k∈N

uch that x = limk→∞ ank . The following properties can be easily proved or found in [4,5].

emark 2.1. For every sequences (An)n∈N, (Bn)n∈N and (Cn)n∈N of subsets of topological
pace X

(i) if X is a regular Hausdorff space then

A = lim
n→∞

An in the Vietoris topology ⇒ A = Lt An

(ii) if X is a compact Hausdorff space then

A = lim
n→∞

An in the Vietoris topology ⇔ A = Lt An

(iii) if D ∈ K(X ) and An ∈ K(D) for every n then

A = lim
n→∞

An in the Vietoris topology ⇔ A = Lt An

(iv) if there exists limn→∞ An and limn→∞ Bn in the Vietoris topology then

lim
n→∞

(An ∪ Bn) = lim
n→∞

An ∪ lim
n→∞

Bn

(v) if An ⊂ Bn for every n then Li An ⊂ Li Bn and Ls An ⊂ Ls Bn

(vi) if An ⊂ Bn ⊂ Cn and limn→∞ An = limn→∞ Cn then limn→∞ Bn = limn→∞ An .

. Attracting maps with a local repellor

Let ϕ : X → X be a continuous map on the Hausdorff space X . By Fix(ϕ) we denote the
et of fixed points of the function ϕ. It is a closed set by continuity of ϕ.

efinition 3.1. We say that a point a ∈ Fix(ϕ) is a local repellor of ϕ if it has a sequence
xn)n∈N in X converges to the point a, called a witnessing sequence, such that x0 /∈ Fix(ϕ) and
(xn+1) = xn for every n ∈ N.

Note that, in fact, no point in the witnessing sequence is a fixed point of ϕ.

heorem 3.2. If for a set A ⊂ X, the map ϕ : X → X has a local repellor a ∈ A with the
itnessing sequence (xn)n∈N such that x0 /∈ A, then A cannot be a strict attractor for the IFS
ontaining ϕ.

roof. By the fact that a = limn→∞ xn , for every open U ⊃ A there exists n0 ∈ N such that
xn ∈ U for n ≥ n0. Then the set K := {a} ∪

⋃
n≥n0

{xn} is a compact subset of U . If the map
is contained in some finite family F of continuous maps X → X , then

x0 = ϕn(xn) ⊂ ϕn(K ) ⊂ Fn(K )

or every n ≥ n0. Therefore A ̸= limn→∞ Fn(K ), otherwise x0 must be an element of A. □
As a consequence of that theorem we immediately obtain
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Corollary 3.3. If the map ϕ has a local repellor, then the set Fix(ϕ) is not a strict attractor
of any IFS containing ϕ.

The map ϕ from Kwietniak’s Example 1.4 satisfies the above corollary cause the only fixed
point ∞ is also a local repellor of ϕ with a witnessing sequence (−n)n∈N. This function is also

beys the following definition which guarantees, in that case, that {∞} is a pointwise attractor.

efinition 3.4. A continuous map ϕ : X → X on a Hausdorff space X is called an attracting
ap when for every x ∈ X there exists a limit limn→∞ ϕ

n(x) ∈ Fix(ϕ).

We will use attracting maps to preserve a pointwise attractivity in the following way.

heorem 3.5. If ϕ is an attracting map on X and Fix(ϕ) is a pointwise attractor of IFS (X,W )
such that W (X ) ⊂ Fix(ϕ), then the set Fix(ϕ) is a pointwise attractor of IFS (X,W ∪ {ϕ}).

Proof. Let F := W ∪ {ϕ}. We obtain the assertion by the fact that

W n(x) ⊂ Fn(x) ⊂ Fix(ϕ) ∪ {ϕn(x)}

for every x ∈ Bp(Fix(ϕ),W ) and n ∈ N, and by the squeezing argument (cf. Remark 2.1 (vi)).
□

These results reveal the importance of attracting maps with local repellor, so called
ALR-maps.

Corollary 3.6. If ϕ is an attracting map with local repellor (ALR-map) such that Fix(ϕ)
is a pointwise attractor of IFS (X,W ) and W (X ) ⊂ Fix(ϕ), then the set Fix(ϕ) is a pointwise
but not strict attractor of IFS (X,W ∪ {ϕ}).

3.1. Examples of ALR-maps

Let us present several examples of attracting maps with local repellor on R, the unit circle
S1 and the unit ball in C.

Maps x2 and
√

x are simple examples of ALR-maps on the unit interval. In the following
emma we characterize a wider class of attracting maps with local repellor on the closed
ntervals in R.

emma 3.7. For a given interval [a, b] ⊂ R, each continuous map ϕ : [a, b] → [a, b] where
ix(ϕ) = {a, b}, is an ALR-map on [a, b].

roof. Note that if a and b are the only fixed points of ϕ, then ϕ(x) < x [or ϕ(x) > x] for
very x ∈ (a, b).

For proving attractivity of ϕ observe that the sequence (ϕn(x))n∈N starting from arbitrary
x ∈ [a, b] is decreasing [respectively increasing] or constant for n big enough. This means that
here exist g = limn→∞ ϕ

n(x) which has to be a fixed point of ϕ, so g ∈ {a, b}.
Next, we show that b is a local repellor if ϕ(x) < x for every x ∈ (a, b). Indeed, we can

construct a witnessing sequence (xn)n∈N starting from the arbitrary x0 ∈ (a, b). If xn ∈ (a, b),
then
xn ∈ [xn, b] ⊂ [ϕ(xn), ϕ(b)] ⊂ ϕ([xn, b]).
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Fig. 1. Examples of ALR-maps on the interval [a, b].

Therefore, for any natural n we can find xn+1 ∈ [xn, b] such that ϕ(xn+1) = xn . Note that
xn ̸= b for every n ∈ N. Otherwise for some N ∈ N we would have x0 = ϕN (b) = b which
contradicts x0 ∈ (a, b). Thus we construct increasing sequence (xn)n∈N in [x0, b) which should
have a limit in the set of fixed points of ϕ. Hence b = limn→∞ xn .

Analogously we can proof that, if ϕ(x) > x for every x ∈ (a, b), then a is a local repellor
of ϕ. □

Therefore we have the ensuing

Example 3.8. On the arbitrary interval [a, b] in R the following functions are attracting maps
with a local repellor:

(x − a)2

b − a
+ a or

√
(x − a)(b − a) + a.

In Fig. 1 we present graphs of several ALR-maps on [a, b] and diagrams of their dynamics:
black points a and b are fixed points and other elements from the interval are attracted
to the fixed points according to the arrows.

The following two lemmas will help us construct other ALR-maps.

Lemma 3.9. Assume that, for every index i ∈ I , the function ϕi is an attracting map
on the Hausdorff space X i and

(i) ϕi0 has a local repellor for some i0 ∈ I
(ii) X i ∩ X j ⊂ Fix(ϕi ) ∩ Fix(ϕ j ) for distinct i, j ∈ I .

Then the union of maps Φ =
⋃

i∈I ϕi (the function Φ :
⋃

i∈I X i →
⋃

i∈I X i such that Φ|Xi = ϕi
for every i ∈ I ) is an ALR-map and Fix(Φ) =

⋃
i∈I Fix(ϕi ).

Proof. The map Φ is well defined, cause for x ∈ X i ∩ X j we have Φ(x) = ϕi (x) = ϕ j (x) = x .
It is easy to show that Fix(Φ) =

⋃
i∈I Fix(ϕi ) and Φ is an attracting map.

Note also that the local repellor a of the map ϕi0 is also a local repellor of Φ. Indeed,
the point a ∈ Fix(ϕi0 ) ⊂ Fix(Φ) is a limit of the witnessing sequence (xn)n∈N such that
xn ∈ X i0 \ Fix(ϕi0 ) for every n ∈ N, and, by the condition (ii), xn /∈ X j for any j ̸= i0.
Thus x0 /∈ Fix(Φ) and Φ(xn+1) = ϕi0 (xn+1) = xn . □

Now we can construct an ALR-map on the arbitrary subset of R containing a closed interval.
It is enough to take a union of the ALR-map (from Lemma 3.7) on this interval and the identity
map (which is always an attracting map) on the rest of the space. See Fig. 2.
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Fig. 2. Diagrams of sample ALR-maps on the real line. Black areas indicate the action of the identity map.

Fig. 3. Diagrams of sample ALR-maps on curves.

The proof of next result is standard and left to the reader.

Lemma 3.10. For an ALR-map ϕ on the Hausdorff space X and for homeomorphism
h : X → Y , the composition h ◦ ϕ ◦ h−1 is also an ALR-map on Y .

This allows us to generate an ALR-map, among others, on every arc (see Fig. 3).

Example 3.11. Using the homeomorphism h : [0, 2π ) → S1 of the formula h(x) = ei x ,
we can construct an ALR-map on the arbitrary arc with endpoints a, b ∈ S1, like in Fig. 3.

uppose that α = arg(a), β = arg(b) are in [0, 2π ). Then we have the following example
of the attracting map ϕ with a local repellor b:

ϕ(x) = exp
(
i
( (arg x − α)2

β − α
+ α

))
,

here “-” is an operation modulo 2π and for α = β we take β − α = 2π .

The similar maps are proposed in 2020 by Fitzsimmons and Kunze in [3].

xample 3.12. We can also construct an ALR-map on the closed unit ball B(0, 1) ⊂ C. First
efine two continuous maps a, b : B(0, 1) → S1 such that for every x + iy ∈ B(0, 1)

a(x + iy) = x − i
√

1 − x2 ∈ S1

b(x + iy) = x + i
√

1 − x2 ∈ S1.

Thus, for each z ∈ B(0, 1) points a(z), z, b(z) are collinear. Then, the bijection

ϕ(z) =

⏐⏐⏐ z − a(z)
b(z) − a(z)

⏐⏐⏐(z − a(z)) + a(z)

s an ALR-map on B(0, 1), constant on the circle S1 (see the first diagram in Fig. 4).

Indeed, for every z ∈ B(0, 1) \ S1
124



M. Nowak Indagationes Mathematicae 35 (2024) 119–130
Fig. 4. Diagrams of ARL-maps with fixed points on the boundary of the domain.

• the point ϕ(z) lies in the segment between points z and a(z), so |ϕ(z) − a(z)| < |z − a(z)|
• a(ϕ(z)) = a(z) and b(ϕ(z)) = b(z)
• ϕn(z) =

⏐⏐ z−a(z)
b(z)−a(z)

⏐⏐2n−1(z − a(z)) + a(z) for every n ∈ N+, so limn→∞ ϕ
n(z) = a(z)

• for every z /∈ S1 the point b(z) is a local repellor with a witnessing sequence (ϕ−n(z))n∈N.

Thanks to Lemma 3.10 we can obtain an ALR-map on every set homeomorphic to the closed
unit ball, like in Fig. 4.

4. Examples of pointwise and nonstrict attractors

Still let ϕ be a continuous function on the Hausdorff space X . Looking for maps satisfying
the assumptions of Corollary 3.6 we noted the following

Lemma 4.1. Let A =
⋃m

k=1 Ak for some natural m ≥ 1 and for every k = 1, . . . ,m, the set
Ak is a retract of X (by the retraction rk : X → Ak) and a pointwise attractor of IFS (X,Wk).
Then for F =

⋃m
k=1{w ◦ rk;w ∈ Wk} the set A is a pointwise attractor for IFS (X,F) and

F(X ) = A.

Proof. Define W̃k := {w ◦ rk;w ∈ Wk} for every k = 1, . . . ,m and F :=
⋃m

k=1 W̃k . Note that

W̃k(X ) = Wk(rk(X )) = Wk(Ak) = Ak,

for each k, so also F(X ) = A. We show that A is a pointwise attractor of (X,F) and
Bp(A,F) = X . Take x ∈ X and note that

⋃m
k=1 W̃ n

k (x) ⊂ Fn(x) ⊂ A for every n ∈ N.
Moreover,

lim
n→∞

m⋃
k=1

W̃ n
k (x) =

m⋃
k=1

lim
n→∞

W̃ n
k (x) =

m⋃
k=1

lim
n→∞

W n
k (rk(x)) =

m⋃
k=1

Ak = A.

This implies that limn→∞ Fn(x) = A, so A is a pointwise attractor of (X,F). □

Consequently, by Corollary 3.6 we have the following main theorem.

Theorem 4.2. Let ϕ : X → X be an attracting map with local repellor such that Fix(ϕ) is
a finite union of sets each of which is a retract of X and a pointwise attractor on X. Then
there exists a family F containing ϕ, such that Fix(ϕ) is a pointwise attractor of IFS (X,F)
with a pointwise basin X but it is not a strict attractor of (X,F).

As a corollary of the above theorem, using ALR-maps on intervals and arcs we can construct
several examples of pointwise attractors which are not strict.
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Fig. 5. Pointwise, nonstrict attractors on R̂.

Fig. 6. A pointwise, nonstrict attractor on the real line and two variants of the map ϕ.

xample 4.3. If A is a finite union of closed arcs or singletons in S1, then there exists an IFS
S1,F) for which A is not a strict attractor but it is a pointwise attractor.

Let A =
⋃m

k=1 Ak is a nonempty, finite union of singletons and closed arcs Ak . We can
ssume that the above union is disjoint. Each set Ak is a pointwise (and strict) attractor and
retract of S1. The set S1

\ A is a disjoint union of m open arcs Ik = (ak, bk). For every
= 1, . . . ,m we can find an ALR-map ϕk on Ik such that Fix(ϕk) = {ak, bk} (see Example 3.11

. Then, by Lemma 3.9, the union ϕ =
⋃m

k=1 ϕk ∪ idA is an ALR-map on S1 (see Fig. 5). Thus,
y Theorem 4.2, the set A = Fix(ϕ) is a pointwise but not strict attractor for some IFS.

emark 4.4. For finite set A ⊂ S1 we can obtain the same result with the family F = {ϕ,ψ}

ontains only two maps: ϕ constructed in Example 4.3 and the map ψ = ϕ◦w (or w◦ϕ) where
is a continuous, piecewise linear function on S1 such that w|Ik : Ik → I(k+1)mod(m) for every

k = 1, . . . ,m preserves the ratio of arc lengths. See Fig. 5.

Example 4.5. If A is a finite union of at least two closed intervals or singletons in R, then
there exists an IFS for which A is not a strict attractor but it is a pointwise attractor.

Take the notation from the previous example. Note that now the complement R\ A contains
m + 1 intervals Ik = (ak, bk) for k = 0, . . . ,m. Assume that −∞ = a0 < b0 ≤ a1 < b1 ≤

· · ≤ am < bm = +∞. For every k = 1, . . . ,m − 1 take the ALR-map ϕk on [ak, bk] like
n Example 3.8. Then we define ϕ :R → R such that

ϕ(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
b0 for x < b0

ϕk(x) for x ∈ (ak, bk) and k = 1, . . . ,m − 1
x for x ∈ A
am for x > am .

By Lemma 3.9 ϕ is an ALR-map on R and A = Fix(ϕ) is a pointwise but not strict attractor

see Fig. 6).
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Fig. 7. Pointwise, nonstrict attractors on C and Ĉ.

Remark 4.6. In fact it is enough to take the following map

ϕ(x) =

⎧⎪⎨⎪⎩
a1 for x < a1

ϕ1(x) for x ∈ [a1, b1]
b1 for x > b1.

It is an ALR-map on R but it may not satisfy the assumption of Theorem 4.2 cause Fix(ϕ) =

a1, b1}. Nevertheless, the proof of pointwise attractivity works for that map due to the fact that
he image im(ϕ ◦ w) ⊂ Fix(ϕ) ⊂ A for every map w ∈ F \ {ϕ}.

Example 4.7. The finite union of singletons, curves and sets homeomorphic to the unit square
in C or the sphere S2 is a pointwise, nonstrict attractor of the IFS contains the ALR-map ϕ
which diagrams are presented in Fig. 7.

5. Classical fractals as no strict attractors

The results obtained in the previous section cannot be applied to many classical IFS-
attractors that are not a finite union of retracts. Therefore, we had to develop some new
approach were the added function ϕ must cooperate with other maps from IFS (for example,
compositions of that maps must be commutative on a certain set).

Recall that, for W, V two families of maps, we denote by W ◦ V = {w ◦ v;w ∈ W, v ∈ V }

the set of all compositions of maps from both sets. Inductively define W 0
= {id}, W n+1

=

W n
◦ W and W<ω

=
⋃

n∈N W n . In order to avoid notation with multiple indexes, we will use
the following symbols for subsequences and their limits. For a given sequence (xn)n∈N and
an infinite N ⊂ N, by (xn)n∈N we denote the subsequence of (xn)n∈N and its limit (if exists)
by limn∈N xn .

Theorem 5.1. If A is a pointwise attractor of (X,W ) on the regular Hausdorff space X and
there exist a compact set D such that

1. A ⊂ W (D) ⊂ D ⊂ Bp(A,W )
2. D \ A is contained in the union of a family I of disjoint open sets such that for every

I ∈ I the set WI := {w ∈ W<ω
;w(D) ∩ I ̸= ∅} is finite

3. there exists an ALR-map ϕ : X → X such that

(a) Fix(ϕ) = A
(b) ϕ(X ) ⊂ D and ϕ(I ) = I for every I ∈ I
(c) ϕ ◦ w(x) = w ◦ ϕ(x) for every x ∈ D and w ∈ W (commutativity on D)

then A is a pointwise attractor but not a strict attractor for IFS (X,W ∪ {ϕ}).
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Proof. Denote F = W̃ ∪ {ϕ} and observe that F(D) ⊂ D. By Corollary 3.3 we immediately
have that A is not a strict attractor of (X,F). Now we will show that A is a pointwise attractor

f (X,F) and Bp(A,F) ⊃ Bp(A,W ). We divide this proof into several steps.

STEP 1: A ⊂ LiFn(x) for every x ∈ Bp(A,W ).
We obtain this fact by Remark 2.1(i) and (v). Indeed A = limn→∞ W n(x) = Li W n(x) ⊂

LiFn(x).

STEP 2: LsFn(x) ⊂ A for every x ∈ Bp(A,W ).
Take x ∈ Bp(A,W ) and y ∈ LsFn(x), which means that y = limn∈N fn(x) for some

( fn)n∈N such that fn ∈ Fn and for infinite set N ⊂ N. Let us exclude two cases:
Case 1. y /∈ D. Then, by regularity of X , we can find two disjoint open sets: V ⊃ D and
∋ y. The set V is also open neighborhood of the attractor A so for n ∈ N big enough

W n(x) ⊂ V and

fn(x) ∈ Fn(x) ⊂ W n(x) ∪ D ⊂ V,

hus such points cannot be contained in the set U . This leads to a contradiction to the fact that
y = limn∈N fn(x).

Case 2. y ∈ D \ A. Then, for all but finite n ∈ N , in the composition fn the map ϕ appears
t least once. Otherwise fn ∈ W n for n from some infinite set M ⊂ N and

y = lim
n∈M

fn(x) ∈ lim
n∈M

W n(x) = A.

his means that, by commutativity on D ⊃ ϕ(X ), for n ∈ N big enough we must have

fn(x) = wn ◦ ϕn−kn−sn ◦ vn(x) ∈ wn(D),

here wn ∈ W kn , vn ∈ W sn and 0 ≤ kn + sn < n for some sequences of natural numbers
kn)n∈N , (sn)n∈N . Since y ∈ D \ A =

⋃
I, then y ∈ I for some I ∈ I and also fn(x) ∈ I

or n ∈ N big enough. Hence, for every n from some infinite set N ′
⊂ N we have

fn(x) ∈ I ∩ wn(D), so also wn must be an element of the finite set WI . Here we will use
he so-called pigeonhole principle, which states that, if the expressions of a given sequence are
n a finite union of sets, then one of these sets must contain its subsequence. Thus, there exists

continuous map w ∈ WI which is a composition from W K for some natural K , such that
or infinitely many n (say for n from some infinite set N ′′

⊂ N ′)

fn(x) = w ◦ ϕn−K−sn ◦ vn(x) = ϕn−K−sn−1
◦ w ◦ ϕ ◦ vn(x),

hanks of the commutativity on D.
From the regularity of X , take an open disjoint sets U ∋ y and V ⊃ A ⊃ w(ϕ(A)). Then

y the continuity of w ◦ ϕ there exists V ′
⊃ A such that w(ϕ(V ′)) ⊂ V . According to the fact

hat A is a pointwise attractor of (X,W ), there exists s0 ∈ N such that for all but finite s ≥ s0 we
ave W s(x) ⊂ V ′ and also w(ϕ(W s(x))) ⊂ V . Thus, w◦ϕ◦vn(x) ∈ U ∩ I only for finitely many
aps vn ∈

⋃
s<s0

W s . For those functions and n ∈ N ′′ points fn(x) = ϕn−K−sn−1
◦w◦ϕ ◦vn(x)

ave a chance to be an elements of the set I . Then again, by the pigeonhole principle, there
xists a constant S < s0 and a map v ∈ W S such that fn(x) = ϕn−K−S−1

◦ w ◦ ϕ ◦ v(x) ∈ I
or n from infinite set N ′′′

⊂ N ′′. This means that, taking z := w ◦ ϕ ◦ v(x) we obtain

y = lim
n∈N ′′′

fn(x) = lim
n∈N ′′′

ϕn−K−S−1(z) = lim
n→∞

ϕn(z) ∈ Fix(ϕ) = A

hich is a contradiction.
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This means that y have to be an element of the set A, so LsFn(x) ⊂ A. Steps 1, 2 and
he fact that LiFn(x) ⊂ LsFn(x) imply that LtFn(x) = A.

STEP 3: A = limn→∞ Fn(x).
We obtain this fact by Remark 2.1 (iii). Indeed, for every n ∈ N the finite set Fn(x)

s a subset of D ∪
⋃

k∈N W k(x), which is a compact set cause limk→∞ W k(x) = A ⊂ D.
his ends the proof. □

Despite the long list of assumptions in the above theorem, there are several examples that
atisfy them. It is known that the classical fractal like ternary Cantor set, Sierpiński triangle
nd Sierpiński carpet are strict and pointwise attractors. Our result says that, adding only one
onexpansive map to the IFS, we can spoil their strict attractivity.

xample 5.2. The Cantor set in R or R̂ has an IFS for which it is a pointwise attractor but
ot a strict attractor.

Let A be the ternary Cantor set in the unit interval D := [0, 1]. Take the standard IFS
or the Cantor set: W = {

x
3 ,

x+2
3 } on R (or their continuous extension to R̂). The pointwise

asin Bp(A,W ) = R ⊃ D ⊃ W (D) ⊃ A. The set D \ A is a union of countable family I
f disjoint open intervals. Note that the set WI := {w ∈ W<ω

;w([0, 1]) ∩ I ̸= ∅} is finite
or every I ∈ I. Indeed for I ∈ I there exists a number N such that W N (D)∩ I = ∅ for every

n ≥ N cause W n(D) is the nth step of the standard construction of the ternary Cantor set.
Denote I0 = ( 1

3 ,
2
3 ) and observe that for each I ∈ I there exists a unique affine bijection wI

n WI such that wI (I0) = I . Moreover for every w ∈ W<ω the set w(I ) is always an element
f I, so

ww(I ) = w ◦ wI , (1)

ause w ◦ wI (I0) = w(I ).
Let us define a map ϕ satisfying the last assumption of Theorem 5.1. Take an arbitrary

LR-map ϕ0 : I0 → I0 such that Fix(ϕ0) = {
1
3 ,

2
3 } (like in Example 3.8). Then

ϕ(x) =

⎧⎪⎨⎪⎩
x for x ∈ A,
wI ◦ ϕ0 ◦ w−1

I (x) for x ∈ I where I ∈ I,
r (x) for x ∈ R \ D (or R̂ \ D).

where r is an arbitrary retraction on [0, 1]. It is easy to check that ϕ is an ARL-map and
A = Fix(ϕ). Moreover the image imϕ = D and ϕ(I ) = I for every interval I ∈ I.
The commutativity of maps on D goes form Eq. (1). Indeed, for an element x ∈ D = [0, 1]
and the arbitrary map w ∈ W if x ∈ A then w(x) ∈ A so ϕ(w(x)) = w(x) = w(ϕ(x)). If
x ∈ D \ A then x ∈ I for some I ∈ I and

w ◦ ϕ(x) = w ◦ wI ◦ ϕ0 ◦ w−1
I (x) = ww(I ) ◦ ϕ0 ◦ w−1

w(I ) ◦ w(x) = ϕ ◦ w(x).

All assumptions of Theorem 5.1 are satisfied which means that the ternary Cantor set A
s a pointwise but not strict attractor for IFS (R,W ∪ {ϕ}) and (R̂,W ∪ {ϕ}).

The similar construction can be made also for the Sierpiński triangle and the Sierpiński
carpet. Then the set D should be a convex hull of the fractal and ϕ0 is an arbitrary ALR-map
on the closure of biggest “hole” I0 (see Fig. 8).

Example 5.3. The Sierpiński triangle and the Sierpiński carpet can be pointwise but no strict
2
attractors for some IFS (C,F) or (S ,F).
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Fig. 8. Diagrams of ALR-maps on the classical fractals.

emark 5.4. The construction of ϕ in the examples above can be simplified such that
(x) = ϕ0◦r0 where r0 is an arbitrary retraction to I0. Then ϕ is not satisfied the last assumption
f Theorem 5.1 but it can also be shown that the fractal A is still pointwise but not a strict

attractor. The proof of that fact is similar to the proof of Theorem 5.1 so we decided to omit
it from this article.
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